A quasicontinuous trait t~a qualitative trait in which the various forms are believed to be due to variation of many genetic loci and many environmental agents. Traditionally (Wright [1934] ; Carter [1965] ; Gruneberg [1951; 1952] ; Falconer [1960; ), it is proposed that there is an underlying normally distributed variable called liability, and that the n different trait forms are manifestations of the liability being above or below n -1 threshold values. This total "phenotypic" liability is multifactorial; it is the sum of two independent random variables, genetic liability, and environmental liability, and these in turn are due to the independent action of many genetic and environmental agents which have small equal and additive effects. Thus the quasicontinuity model results on the one hand from the multifactorial model, first proposed by Fisher [1918J to explain quantitative variation on the basis of discrete Mendelian facto,rs, and on the other hand from a representation of an ordered set of categories by sections of a normal distribution, first proposed by Thurstone [1925] .
For quantitative traits, heritability (h 2 ) is defined as the ratio of the variability due to additive gene effects (UG 2) to the variability in phenotype (up 2). Since quasicontinuous traits are considered to be determined by the quantitative variable liability, one can speak of the heritability of liability to a given quasicontinuous trait. It follows (Falconer [1960] ) that in pairs of individuals with coefficient of relationship R from a random mating popula-tion, genetic liability has covariance RUG 2; and provid.ed that the correlation between environmental effects in related individuals is zero, this can be equated to the covariance in total liability; pUp 2. Thus RUG We shall follow the usual practice of calling h 2 the heritability of the trait, but it must be understood that it is the heritability of liability to the trait. This distinction becomes important when different assumptions are made concerning the distribution of liability (Kidd and Cavalli-Sforza [1973] ).
Another model for q~asicontinuity (Edwards [1967-; ) takes liability as being solely due to genotype, and on some scale this genetic liability lG has the probability density function (p.dJ.) N(O, 1). Furthermore., for a trait with just two forms, form 1 and form 2 say, the conditional probability' given lG of having one of these forms, form 2 say, is Q(lo) = K exp (Bl G ) where K > 0 and B > 0 are related to the heritability of the trait form. Edwards notes that in this model there is no threshold value for form 2; and, conversely, he implies that with the threshold model the probability that an individual should have form 2 cannot be a continuous increasing function of genetic liability with parameters that depend on heritability. Smith. [1911] and Mendell and Elston [1970] have noted that this latter notion is false; specifically, if we let QT(la) denote this probability, cI> denote the cumulative normal distribution with zero mean and unit variance, and T denote the prevalence of form 2, the threshold model results in the equality:
Thus the traditional threshold model is identical with Edwards' model if in the latter Q is replaced by Q'J,' . This sigmoid form of QT is preferable to the exponential form of Q both because a probability cannot exceed unity and because the use of QT , rather than Q, allows this probability to be expressed explicitly as a function of heritability. For these reasons we shall only consider the threshold model in what follows.
ESTIMATION OF THE CORRELATION COEFFICIENT
In view of equation (1.1), for the rest of this paper we shall concentrate on the estimation of p as a means of determining the heritability of a quasicontinuous trait. We assume that the vector of liabilities in pairs -of individuals with coefficient of relationship R has bivariate normalp.d.f.
In each pair of related individuals one member, with liability II , is from population 1 and the other, with liability l2 , is from population 2. The assignment of individuals to the two populations.is systematic; for example, if the related individu-als are brother-sister pairs, all brothers are in one population and all sisters are in the other. The assignment is of course arbitrary if 0'1 = 0'2 , Jll = Jl2 , and the thresholds for the two populations are equal.
Let T i (j = 1,2) denote the threshold values, so that if li~T i the individual has trait form j, and let Zi = (T i -Jli)/O'i . Let T(I) and T(2) denote the prevalence of form 2 in populations 1 and 2 respectively, and let T(1, 2) denote the prevalence of pairs of individuals in which both have form 2. Thus, (2.1)
Denoting ML estimates by the use of circumflexes, we obtain from (2.1) and (2.2)
The solution to (2.3) and (2.4) for P12 can be obtained by using an appropriate computer program or Tables of the Bivariate Normal Distribution. This ML estimate is considered tQ be the best estimate (Edwards [1969] ) and is referred to as a tetrachoric correlation. However, when we study human trait disorders, the ML estimate of T(1), T(2) and .,.{l, 2) are obtained from sampling schemes different from those used to estimate a tetrachoric cdrrelation. Thus P12 is' not a tetrachoric correlation in the usual sense, although we estimate the same parameters and solve the same equations to obtain it.
Falconer's Approximation and an Improved Approximation
Since equation (2.4) is computationally difficult to solve, an approximation is often used (Falconer [1965; ). Let trait form 2 denote the rarer of the two trait forms, which will usually be l a disorder. Define (2.5) the recurrence risk for an individual in population 2 whose relative in population 1 has the disorder. Further define (2.6) where, analogous to (2.3), Z211 = -~-1(T(2 I 1)), and he suggests that it be estimated by (2.7) P12F = (22 -2211)/61 , where 6 1 is obtained by substituting T for T and 2 1 for Zl in (2.6). Now P12F approximates P12 to the extent that (i) the p.d.f. of liability in relatives of individuals in population 1 showing trait form 2 is normal and (ii) the variance of liability in such relatives is the same as the variance of liability in population 2. Whereas (i) has been recognized as being a source of bias in P12F , (Falconer [1967] ; Edwards [1969] ) it is a minor source compared to (ii). We shall now show how this second source of bias can be quite simply eliminated, giving, as will be later demonstrated, a far better approximation to P12 .
We first note that, for any given A,
However, since we assume II has a normal p.d.f., it can be shown that with a1 defined as in (2.6) and E(l2 Ill> T 1) = E(l2 III = a10"1 + ILl). Thus, letting A = a10"1 + ILl and using (2.9) and (2.10) we obtain _ 1. A major reason for obtaining an estimate of the heritability of a quasicontinuous trait is to be able to predict the risk of a disorder recurring in a different type of relative. For example, one might have an estimate of heritability obtained from pairs of sibs and wish to use it to predict the recurrence risk for cousins of individuals with the disorder. We also need a method of estimating recurrence risks in order to test the hypothesis that a trait is quasicontinuous. A procedure for such hypothesis testing using the likelihood ratio criterion has been given in detail and applied to some examples by Mendell [1972] .
The problem of predicting recurrence risk for an individual with a disordered relative is actually a special case of the more general problem of determining the probability that the (k + l)st individual will have the disorder in a family where we already have information about k individuals. We can solve this more general problem by assuming that liability in families of p individuals has a p-variate normal p.d.f. with mean t' and varian~e matrix~. The ith entry of t' is J.Li , the mean liability for individual i, and the ijth entry of~is Pi i(J' i(J' i where Ui and Ui are the standard deviations of liability in the populations from which individuals i and j come, respectively. The computation of any recurrence risk under this model involves integration of a multivariate normal p.dJ. Smith [1971; has written a computer program to do this, approximating the normal distribution by a multinomial distribution. Curnow [1972] has noted that the computational problem is simplified considerably for the case where Pii = P for i, j = 1, 2, ... , k + 1. A frequent problem in practice is that of predicting the recurrence risk of disorder for a (k + l)st child given information on his k siblings.' Since in this case we have equal correlations in liability between individuals, Curnow's result is an important one. Curnow also manages to simplify the mathematical problem for the case k = 3, P12 = 0, a~l other Pii = P (j~i), and all
This corresponds to the correlations in liability between members of a family consisting of two parents (individuals 1 and 2), a first child (individual 3), and a second child (individual 4).
However, these simplifications limit one to the cases where the "family" is~sibship, a sibship plus one parent, or a sibship plus two parents. Falconer [1965] suggests an extremely simple approximation for estimating T(211), Le. the case where we have information about only one relative. In the following section we consider this special case and derive . an alternative approximation; we then show how this latter method of approximation can be extended to the cases k = 2 and k = 3. The method can be applied to any combination of related individuals, and it allows for the prevalences of the disorder in the general populations of individuais to differ. In section 4 we evaluate the extension of the method by comparing the results obtained to those obtained by Curnow [1972] .
Approximations to the Recurrence Risk Given Information About One Relative
Falconer's approximation to the recurrence risk is
This follows from (2.11) and (2.12) if it is assumed that U2 rv [var (l2 Ill> T 1 )]1/2. We shall need an approximation to the probability that individual 2 has the disorder given individual 1 has the more common normal form. Denoting in general by "1;" the event that individual i is normal, and by "i" the event that individual i has the disorder,
Thus, similar to (3.1) we can define the approximation to T(2 I I):
An alternative approximation to T(2 I 1), To(2 I 1), can be obtained from (2.11) and (2.12) by making use of (2.13). The result is
Substituting To(2 11) for TF(2 11) in (3.3) results in an analogous approximation to T(2 I I).
Approximations Given Information on Two or More R~latives
We extend further our definitio~of T( ./.) and T(·,·). Let
.. , k) denote the conditional probability that individuals k + 1, k + 2, ... , k + m have disorder given individu~ls 1 and 2 are normal, 3 has disorder, etc., and let T(I, 2, 3, ... , k) denote the probability that individual 1 has dIsorder, 2 and 3 are normal, etc. We shall first state Aitken's [1934] result on selection from a multivar.iate normal p.d.f., and then give expressions for approximating T(3 I 1, 2) and T(4 I 1, 2, 3). All of the remaining recurrence risks for 4~membered families, e.g., T(3 11, 2), T(3 I I, 2), T(4 11, 2, 3), can be shown to be functions of these quantities, T(i) (i = 1, 2, 3, 4) and T(j I i) (i, j = 1, 2, 3, 4).
and variance covariance matrix
We select some kcdimensional subset in the range of Y1 ,~1 say, such that Aitken [1934] shows that, provided Y2 is normally distributed in the selected population, (3.7) (3.8)
We shall use this result as if it still holds when there is truncate selection. In fact, for the particular case k 1 = k 2 = 1, (3.8) reduces to the same result as (2.13), which is the result for truncate selection.
To determine an approximation to r(3 I 1, 2), we first determine the bivariate normal p.d.f. that approximates the p.dJ. of liability of individuals 2 and 3 in families where individual 1 has the disorder. To apply Aitken's result, let k 1 = 1 and k 2 = 2 and (3.9)
We have and
Thus, applying (3.7) and (3.8), and (3.11) Thus P2311 is an approximation to the correlation in liability of individuals 2 and 3 in families where 1 has the disorder. Similarly let us redefine Z211 and Z311 by the equality (3.13) so that they are approximations to the quantities defined by (2.1): the approximations follow from the substitution of T(J(j 11) for T(j 11). Finally we can define a211 as the quantity obtained when T(J(2 I 1) is substituted for T(l) in (2.6). Using all these quantities, which are appropriate for families in which individual 1 has the disorder, we can use (3.4) to approximate the recurrence risk, in such families, that individual 3 should have the disorder given that individual 2 has it. Th.us, analogous to T(J(3 I 2), we have
To obtain an approximation to T(411, 2, 3), we first consider the trivariate distribution of liability in families where individual 1 has the disorder. Using (3.11), (3.12), and (3.13), assume the liability of individuals 2, 3, and 4 has trivariate normal p.dJ. with mean
and variance covariance matrix Using these quantities, the approximation to T(4 I 1, 2, 3) is then where a3112 is defined in the same manner as before, as the quantity obtained when rQ (3 11, 2) is substituted for r(l) in (2.6).
We could just have easily designated individual 2 as individual 1, individual 3 as individual 2, and individual 1 as individual 3 and hence obtain a different approximation. However, since it is a close approximation to the same quantity, the difference between these two approximations will not be great.
EVALUATION OF APPROXIMATIONS
The most meaningful evaluation of estimates of the correlation in liability involves comparing their expected mean squared errors. However, this is in part determined by the sampling scheme used to estimate the prevalences (r(l) and r(2)) and recurrence risk (r(2 11)) as well as by the sizes of the samples. Mendell [1972] has computed lower bounds to the asymptotic expected mean squared error of the ML estimate P12 , P12F , and P12Q , for cases when r(l) and r(2) are known and the sample sizes used to estimate r(2 I 1) are 20, 100, and 1000. In general the expected mean squared error of P12F is larger than the expected mean squared error of P12Q , and this in turn is larger than the expected mean squared error of P12 • In this section we consider the approximations to P12 and compare their errors. We also consider the approximation given by Smith [1970] , which we denote by P12S , and which is implicitly defined as the solution to
Most traits studied have prevalences between 0.02 and 0.0005 for the disordered form, and so this is the range of prevalences that we discuss in detail. The results have been obtained by first substituting values of r(l), r(2), and P12 into (2.1), (2.2), and (2.5) to obtain r(2 11) (with an appropriate computer program (Donnelly [1973] one can approximately correct for the errors by~dding or subtracting to the estimate the product of the estimate and the percent error indicated in Table 1 . For prevalences less than 0.004, the range of 7(2 11) for which P12F can have a large error corresponds,to 0.1 ::; P12 ::; 0.9, whereas it corresponds only to 0.1 ::; P12 ::; 0.15 for P12(J and P128 • We conclude that P12(J is always a better approximation than Pl2S for prevalences greater than 0.004. In light of the fact, not revealed by these tables, that when the error of P12Q is less than 5% of P12 it is also usually less than that of P12S , we conclude that it is probably the most accurate of these three approximations over the entire range of prevalences studied., Table 2 gives values of 'TF(2 11), 7(J(2 11) and 7(2 11) for P12 = 0.1,0.3,0.5, 0.7; 7(1) 0.001, 0.005, 0.01, 0.05; 7(2) = 7(1) and 7(2) = 27(1). We consider these values since they cover the range in which the prevalences of most disorders occur; the approximation corresponding to (4.1) was not considered since we can infer, from the accuracy of P12S , that it lies between 7F(2 11) and 7(J(2 11) in accuracy.
Recurrence Risks Given on One Relative
We see from this table that both approximations are often quite good. However, the F approximation frequently results in an error of more than 10% of 7(2 11), whereas the Q approximation has an error that is greater than 10% of 7(2 I 1) only twice and usually its error is less than 5% of 7(21 1). The Q approximation can be calculated using the table of the Appendix to Falconer's [1965] paper. Although this approximation is slightly more difficult to compute than the F approximation, it is probably worth the added effort to do so. The percent error of 7F(2 I I) and 70(2 I I) will always be less in magnitude than the percent error of TF(211) and 70(211), respectively, for 7(1) < 0.5, since the former are equal to the latter multiplied by the quantity [7(1)7(2 11)/7(2 I 1)(1 -7(1))].
Evaluation of the Q A pproximation to Recurrence Risk Given. Information on Ttvo or JJ!fore R.elatives
We consider a family of 4 individuals in which the correlations in liability are all equal, Le. Pii = P (i~j); such a family could be either four sibs or a parent and three sibs. We also restrict ourselves here to a disorder which has the same prevalence in each of the individuals, i.e. T(i) = 7; i = 1, 2, 3, 4. We can summarize the method of approximation of the recurrence risks for this family by letting and
Then, applying the method outlined in this paper, we have 11,2; r[2 11; r(l; p) Curnow's [1972] values, it is observeq that the approximation gives values that are frequently the same as Curnow's to two decimal places. When they are different, the percent difference is always less than 10%, and usually less than 5%. Another situation that frequently occurs is a family of three individuals of which two are unrelated, Le. Pl2 = o. The obvious case would be when two are parents of the third and there is random mating. However we could have a father and a maternal aunt of the third individual or some other combination of one individual from the maternal line and one from the paternal line. In this situation the approximation is very simple to compute and also accurate. We let Yl = e:), Y2 = la . Then for gl = «T1 , 00), (T2 , 00)), applying
Aitken~s result,
I ) (
For the case where Pl3 = P23 = P and T(i) = T(I),
Using this result, Mendell (1972) has tabulated the relative risk for the third individual given none, one or both of his relatives have the disorder; T = 0. 5, 0.05, 0.02, 0.01, 0.005, 0.001; and P = 0.1,0.2,0.3,0.4, 0.5. It is found that the solution to (4.3) results in essentially the same values for relative risk that Curnow [1972] obtained for this particular case.
Evaluation of Morton' S Method
Morton [1969] suggested that a result due to Skellam [1948] be used to obtain approximations to the recurrence risks in a family when information is available on k sibs and T(i)~T (see also Morton et ale [1970; 1971] ). With this method we consider prevalence in families as a random variable p say, and we assume that, taken over all families, p has the Beta distribution
The expected value of p is set equal to T, so that
Similarly we set (2 1 1) = E(p2) = B(e + 2, :D -e).:D = e + 1.
T E(P)
B (e,~- Morton et ale [1970] suggest that one determine Qk+l(S) by using (4.6) to estimate e and 1). This is clearly a very simple method, and so it is interesting to know if the results obtained using it are close to those obtained by Curnow. Table 3 shows the estimates obtained using (3.4) to approximate 7(2 I 1) and then (4.6) and (4.9) to approximate Qk+ 1 (8) for k = 2 or k = 3. We see that when 8 = 0 or 1 for either k + 1 = 3 or k + 1 = 4, the approximations are fairly close to those obtained by Curnow [1972] . However for 8~2 the values are frequently very different. In light of these observations it would be reasonable to conclude that for k > 3 the values obtained by this method would be quite different from those one would expect with a threshold model and a (k + 1)-variate normal distribution of liability in families.
CONCLUSIONS
The Q approximation to the correlation in liability appears to be consistently accurate for estimating heritabilities. It is somewhat more difficult to compute than Falconer's approximation, but since it is much less likely to ever have a large error the added effort is prob~bly worthwhile. The computation is simplified if one uses the tables provided by Mendell [1972] . But, even without these tables, it can be computed using standard tables of the univariate normal devi~tes and ordinates or the tables provided by Falconer [1965] .
Assuming the threshold model is appropriate, the method outlined here for computing approximations. to recurrence risks given information on two or more relatives has been shown to work quite well in the situations where there is information on up to three relatives. On the other hand Morton's [1969] method gives results quite different from those one would expect by extending the threshold model. However, this does not necessarily mean that this latter method gives a result that is a worse fit to what one would observe in real life. In each particular situation we need to determine if the threshold model fits; in those cases where it does, the methods of this paper can be appropriately used.
CARACTERES QUALITATIFS DEPENDANT DE PLUSIEURS FACTEURS, ANALYSE GENETIQUE ET PREDICTION DES RISQUES DE RECURRENCE

RESUME
On donne une methode permettant de calculer une approximation des estimateurs du maximum de vraisemblance de la "correlation de liability" entre deux individus apparentes. On suppose que les caracteres qualitatifs presentent deux formes, normale et anormale, resultant de plusieurs facteurs causaux prenant des valeurs au-dessus et au dessous d'un seuil. L'erreur de cette approximation et celles attachees a deux autres approximations sont comparees dans Ie cas d' anomalies humaines. On donne une methode pour calculer des approximations de la probabilite d'une anomalie chez Ie k-ieme individu d'une famille dont s membres sur k sont anormaux. Pour k = 1 la methode est comparee a celIe de Falconer r1965]. Si k = 2 ou Ie = 3 et que les membres de la famille sont apparentes au premier degre, la methode de Morton [1969] est confrontee acelle-ci. On evalue encore aqueI point les resultats de ces approximations sont proches de celles que Curnow a publiees en 1972.
